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ABSTRACT 




A new model for treating plasma radiation processes in plasmas is extended 
to the problem of bremsstrahlung emission from electron-electron collisions. 

The spectra of longitudinal and transverse waves, including dielectric effects, 
are derived to lowest non- vanishing (quadrupole) order. A resonance in the 
spectrum of transverse waves near u) = 2u)p, the first harmonic of the electron 
plasma frequency, is noted. The high frequency form of the transverse spectrum 
is approximately evaluated and found to be relativistically small by comparison 
with the dominant electron- ion bremsstrahlung. Finite wave length corrections 
to the radiation generated by electron-ion collisions are also discussed. 







I. IHTROIXJCTION 





In a recent paper^ (hereafter called Ref. l) a model describing the 
emission of radiation by a classical, fully ionized plasma was presented. This 
model describes, in a simple but self-consistent fashion, plasma modifications 
of the bare particle bremsstrahlung spectra by considering a) the colliding 
particles giving rise to the radiation as interacting through a dynamically 
shielded potential and b) the emission process as taking place in a dispersive 
plasma medium which alters the propagation characteristics of the waves. 

Results obtained in the dipole approximation, to which Ref. 1 is restricted, 
eure in agreement with Mercler's^ and Dupree's® calculations, the latter based 
on a formal hierarchy expansion. 

In dipole order the wavelength of the emitted radiation is considered 
infinitely long compared to a characteristic dimension of its source, which 
for shielded particle interactions is at most a few electron Debye lengths. 

In this approximation, only electron- ion collisions produce bremsstrahlung, 
for in each electron-electron encounter the radiation field of one particle 
is equal in magnitude and oppositely phased to that of the second. 

■When the finite ratio of the emission wavelength to the source size is 
taken into account, collisions between electrons produce a net quadrupole 
radiation. In addition, there arise finite wavelength corrections to the 
electron- ion bremsstrahlung spectra. 

We address ourselves in this paper to the electron-electron radiation 
process, applying and extending the techniques developed in Ref. 1. Finite 
wavelength corrections to the electron-ion spectra have also been derived and 
a summary of the results of this calculation is included in Section VI. 
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The collective dielectric aspects of the hremsstrahlung problem are of 
particular interest in solar physics, where resonances in the spectra of Type 
II radio bursts at the electron plasma frequency and its harmonic have been 
explained'^ as, respectively, erihanced electron- ion dipole and electron-electron 
quadrupole bremsstrahlung from strongly non-thermal plasmas . We shall see 
presently that a resonance at twice the electron plasma frequency is a natural 
consequence of considering electron- electron radiative interactions within the 
framework of our model. 
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II. lEE MOIEL 


We consider radiation as emanating from test current sources embedded in, 
interacting vith, but logically distinct from an infinite, spatially homogeneous, 
Vlasov plasma. Initially, the sources are considered as arbitrary current 
distributions. Later, hovever, they will be specified as the time varying 
contributions to the microscopic current arising from collisions between dis- 
crete plasma particles. 

For the high frequencies of interest (u) > lUp, the electron plasma frequency), 
only the dynamic response of the electron conponent of the infinite Vlasov 
plasma need be considered; the ions simply provide a stationary, uniform, 
neutralizing background. For simplicity we consider the case where no macro- 
scopic fields are present, although the existence of a steady, weak, and uniform 
magnetic field leads to an interesting modification of the results^. 

Embedded in the plasma, the source current, which we shall describe by 
a density ^(^t), polarizes the medium and delivers energy to the plasma at 
a rate 


where ^(r,t) is the self field arising from modified by the plasma. 

If Eq. (2d.) is averaged over an arbitrarily long (compared with the duration 

1 T T 

of a typical collision /uUp) interval, - /2 to + /2, the average power delivered 



When and E are expandea as Fourier integrals, Parseval's Theorem can be 

AM 

applied in the limit that T is taken to be infinitely long and Eq, (2.2) cast 
as an equivalent double integral over the conjugate variables k and o), 

P jc/tt) (2.5) 

the Fourier transform of the arbitrary function g(r,t) being defined as 

+T/a, 

The electric field fi is related t . 

m 

can be expressed in the form 


t 


iL through Maxwell's equations, which 


(It- -H'B- 

The quantity represents the plasma current arising from polarization of the 

AM 

medium by the source. It is the presence of this term which introduces charac- 
teristic plasma wave effects (e.g. dielectric shielding of transverse waves ' 
and the existence of propagating longitudinal waves) into the problem. Equation 
(2.4) and an equation of continuity for the total current, plasma plus source, 
are equivalent to a solution of the full Maxwell equations for 

For small amplitude waves, is proportional to ^ and for a Vlasov plasma 
is related to the linear deviation f of the electron distribution from its 
steady state (in the absence of jg) value 



n being the average electron momber density and -e the electronic 


(2.5) 


charge . The 
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perturbation f is determined from the linearized Vlasov Equation 


xenn'^ 


-I 

7 


( 2 . 6 ) 


m being the electronic mass. The small damping^ ie-^^ has been introduced in 
the customary way only for mathematical convenience in determining the proper 
path for contour integration and is ultimately put to zero. If we restrict 
ourselves to isotropic media so that fo(lvl), the magnetic interaction term 
in Eq. (2.6) vanishes. 

Combining Eq. (2.6) with Eq. (2.5) and substituting the result for 
into Eq. (2.4). we solve for £, 

I t-u),V'j)iV i 1 -ii) 'J 

1-R [i + K ■ +.£.}■'] (2-7) 

and find that it splits into components longitudinal and transverse to k. In ■ 

1/ ** 

Eq. (2.7)^ uUp = (4llne^ m ^) is the electron plasma frequency. 

This value of j£ is in turn introduced into Eq. (2.5) and an expression 
for P quadratic in the source function ^ obtained. 




P = - (flfV) X fd^k k^u> -[ li_^| + 

^ lp;(k.u>) p:(K,u.)j 


( 2 . 8 ) 


It will be henceforth understood that T is an arbitrarily long interval. The 
average power P will be shown to be independent of T (as it should be), so 
long as T is long. Use has been made in Eq. (2.8) of the fact that since E(r,t) 
is a real quantity £(-k,-cw) = £ (k,uj). The functions and D,., whose complex 

Mrt* ^ 00 J. Jj 
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complex conjugate (*) values appear are the usual longitudinal and transverse 
dielectric functions 

Hr - I-CVU)''^- i (w-k (2-9a) 

tl. " l + ldp k ^fd^\/ k ■ (2. Sib) 

Because of the assumed isotropy of fo, they are independent of the direction 
of k and each possesses the property D(k,-uu) = D (k.a)). 

It can be readily shown that for a given value of ^ the real part of the 
integrand in Eq. (2.8) is an odd function of (w and vanishes upon integration. 
The imaginary part of the integrand is, on the other hand, even in u) and non- 
vanishing so that P is (as it must be) a real quantity. We shall consequently 
multiply the right hand side of Eq. (2.8) by 2 and restrict attention to 
positive (ju-values, interpreting the c«- integrand as the power emission spectrum. 


£ - - i d'k k V 


.-I 


-2 -I 


kx 




I ivO'.b)) 


( 2 . 10 ) 


Equation (2 .10) is .ouf fundamental 'working-'^quation . Resonances in the 
integrand of Eq. (2.10) arising from the near vanishing of and correspond 
respectively to the emission of longitudinal and transverse waves. By brems- 
strahlung we mean just such wave contributions to the longitudinal and transverse 
emission spectra when the sources are properly specified. 

Longitudinal wave propagation occurs at frequencies close to but slightly 
higher than oUp with corresponding wave numbers 
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( 2 . 11 ;) 


u being the rms thermal velocity. For frequencies much higher than 0 )p, the 
■wavelengths of longitudinal oscillations become canparable to or smaller than 
an electron Debye length = uaip^), and such waves damp by phase mixing 
(Landau damping). For a thermal equilibrium plasma Dawson and Oberman® point 
out that only longitudinal oscillations in the apprpximate frequency intejrval 
u)p < 0 ) ^ 1.4 u)p are appreciably undamped. 

Transverse waves, on the other hand, propagate at any frequency greater 
than UJp with a wave-number frequency relationship 

^ *. ( 2 . 12 ) 

Such transverse waves thus have phase velocities greater than c and hence do 
not Landau damp. 
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III. IHE SOORCE FIMCIIQN AM) IIS LCHI- WAVELENGTH EXPMSIOI 

Whl.J.e the source current j has been arbitrary to this point , we new want 
^ c specify it. appropriately for the bremsstrahlung process . We first note that 
rremsstrahlung is emitted by discrete plasma part. ides ard, results from inter- 
action? among the particles comprising the plasma medium. Because of the mass 
rar-i;: ,, r-he role of ions as the accelerated emitters cf such radiation can, be 
:'.,:-g.i,ec't,-e.i and ■’he space Fourier transform of the source curre:nt taken as 


the sum being extended over all electrons in the vo.lume of plasma from vhlch 


r.n- f-mlsslon is to be computed o 

As an aid to Isolating the accelerative port’ion of the current den.sity, 
ve take tvo time derivatives of Eq. (5-1), Fourier transform in time and obtain 
for (Jc^uo) (the quantity vhich appears in Eq« (2.8)), 



Ail order of magnitude estimate of the terms in this equation indicates 
that they are in the ratio ^ 

I . il/ ; ^ ^ , 

a; ' CO * u>^ 

where the typical value of Ve has been taken to be the rms velocity u of the 
electrons. From the discussion in Section II, we know that the phase velocities 
cf both longitudinal and transverse waves are greater than the electron thermal 
velo.'jity. Defining, therefore, a smallness parameter a = kuiup^ = kX^^, we discard 
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terms of Q ^ > retaining 0 terms , since it vill te evident shortly 

that 0(1) terms vanish identically for the electron-electron process. [For u) 
near tUp, small terms are of 0(a)^ for much higher frequencies they are yet 
smaller.] 

As ve are interested in bremsstrahlung from electron-electron collisions, 

the acceleration Vg and its derivative Ve can be represented as a sum over the 

»» 

contributions Vggi and Vgg» from individual encounters. To 0 Eq. (5*2) 

/IMF \ ^ / 

then he comes 


and since the sums e and extend over the same assemblage of particles, it 
follows that 

+ (S'e t i'e ^ - -l-'i ■ !&' ^€'«) exp (-A^ -f)] ^ . 


Now we expand 


^ ^ m-~0 rtil r K ^ 


(5.5) 


successive terms in the expansion (5*5) of since we anticipate that 

shielding (when properly introduced) will limit the range of interaction re-r<=» 

If! ^ 

to a few Debye distances. To order a, ^s(E,u)) reduces to 


f- ^ ^ ^e' + <2^? t ' ^-'Ju> ' 


(5.6) 
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wliere the relative separation vector ree' = Tq - TqI has been introduced. 




For particles e and e * interacting through a Coulomb potential, we have 


1/ ^ . \> 


C'e ; 


(5.7) 

«# 

( 3 . 8 ) 


/m, L 

ana the C(l) terms in Eq. (3-6) are identically vanishing. (For electron- icn 
eollisicr.s (^,u)) has a non-zero 0 (l) ccraponent which leads to the dipole 
bremsstrahlung discussed in Ref. 1.) Substituting from the equations of motion 
and defining the relative velocity vector VqqI = ve - Ve» , we obtain for * 3 (^, 0 )) 

«M> «W 8*1 ** 

• 3 r \ " 

O /, .A - — k - ^ i/i a ' ^£'1 — / , u 


A 

6u>* 


1^’^, (5^e')u>^ 


feef 

MU* I 


e#e' 


(3.9) 


where, for convenience, we have defined 




|v« 

( We shall. sho.rtly relate > to the third time" derivative of ' the e-e ' quadrupole tensor) 

« ... 

Now it appears in Eq. ( 3 . 10) involves the exact orbits of particles 

e and e*. To obtain the exact orbits, the many body problem must be solved and 
this is a most difficult task. However, for a range of frequencies, extending 
from u)p close up to oogj^o = urggo , where rgcP is the impact parameter at which 
the average electron undergoes a 90 ° deflection, the collisions which contribute 
dcminantly to the radiation emission are of the small angle variety. The orbit- 
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traversed "by each of the colliding particles e and e* in such small angle 
collisions is, to a good approximation (in the absence of external fields), the 
superposition of its mean rectilinear motion and a small rapidly fluctuating motion 
produced by the sum interaction of all other particles of the medium. 

This fluctuating motion would itself be a difficult quantity to evaluate . 
However, we are only interested in the average power radiated. In Eq. (2.10) 


for the power radiated,^ g enters quadratic ally. We must therefore evaluate 
the average of squared. To do this ve make use of the superposition 

principle for dressed particles as put forth by Hubbard"^ and Rostoker®. According 

to Rostoker we may employ the following mean <^e'> 

ts 

• ge. +/H rdV..jd\- [4^ f(e-|e) t 

for computing these averages, treating as uncorrelated with Q^-* 

•m ^ 

squared form of ^ g ) provided the pair ee' is different from the pair e* e*' . 

A bar (-) in Eq. (5«H) signifies the mean rectilinear motion of the 

••• 

particle (s) is to he used, and thus Qgg* is the contribution to Qgg* due to the 
direct interaction of e and e* as they follow their rectilinear trajectories. 

The remainder is the contribution to Q^gi fran shielding, i.e. from all other 
plasma electrons regarded as field particles interacting with e and e' as the 
latter move along their rectilinear orbits. A derivation of the superposition 
principle and a discussion of its application to the bremsstrahlung problem are 
found in the work of Dawson and Kakayama®. 

The quantity f(e*' ^) is the perturbation in the one particle electron dis- 
tribution (as a function of the phase space coordinates of e" ) arisirjg from the 
rectilinear motion of e. To obtain f, we solve the test particle problem in 
which e moves along the trajectory Tl(t) = r^^Q + ■Vg-t- through an 
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infinite, uniform Vlasov plasma consisting of mobile electrons and. a smeared 
cur neutralizing ion background. Only the longitudinal interaction between 
e.lecrror. e and the plasma is retained, the transverse fields being relativis- 
tic ally .small if the thermal energy of the electrons is much less than their 
rest energy o The va.iue of f so derived is 




k'’xi. (fc', ( K ■ 2 - - t>ie) 


(5-12) 


D,. dk' ' ’^g) being the usual longitudinal dielectric function, Eq. (2.9t>), 

J_j 

I _ 

evaluated for o) = k*ve. 

f0k. m 

In the Appendix we have derived ^g( in accord with Eq. (5.11) and find 




p(-xk.re)d 

L'l 


Ucl 

)-^l 

4- 

1 





(3.13) 


A«L subscript indicates a vector component perpendicular to and I is the 
unit .dyadic. 
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IV. QUADRUPOLE SPECTRA 


Only the straight line orbits of the interacting particles e and e* enter 
Eq. ( 5 . 15 ). When (k,uj) appears quadratically, as\ it does in Eq. ( 2 ..IO), 
the interacting particles are nov considered uncorrela,ted and there 
occurs only a sum over e and e* rather than the ordinary four- fold sum. 

Further, the term exp^- ik*re^in Eq. (3.15) can be replaced by unity, since 
in squaring obtain a. factor exp[ik*[re (t * )-re (t)}}^ (The tvo different 

times, t* and t, appear because the tvo exponentials occur in different Fourier 
time transforms^ , vhich is approximately unity in the long vavelength approxi- 
mation. 

To shorten the presentation vhile illustrating the technique, ve shall 
develop only the transverse electron-electron bremsstrahlung spectrum. The 
longitudinal spectrum is similarly derived, and the result of this calculation 
vill be quoted and discussed. 

Substituting the value Eq. (5-9) into Eq. (2.10), ve obtain 


du) 




where ~ sms still extend over all electrons except the pairs 

t? *•' 

e = e*. The wave contribution is extracted by integrating locally over the 
resonance in the [kj integrand occurring near the jk] value given by Eq. (2.12) 
and is 


dP 

^ ' m^T 


J L 4 , J I. ' 


CO' 


’ (4.2) 


vhere ft 


= jS|p is uni 


unit vector in the direction of wave propagation. The integral 


of Eq. (4.2) displays the angular distribution of the emitted transverse radiaL. 
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nira xime 


^cognize that^as liised in Eq* ‘ C 4 . 2 )) the th 

derivative of the local quadrupole tensor 

0 .= + (/rel^+ir^.l^Ul ,, , 

for noulr.irib interacting particles e and e*. I The first two terms reduce .to 
(3-i-') upon differentiation^ while the terras involving I do not contribute to 
The ra.agnetic dipole radiation which ordinarily appears at this level 
in a multipole expansion^® vanishes, since the loc'al ma,gnetic dijiole moment 


lyyUjpt — "■ ^ +■ 1^' X 

-KH/W ^C, La** >*- *-*-J 


ik.k) 


-VUiW 

is time invariant when particles e and e* interact via a Coulomb force. 

The total emission is obtained by Integrating Eq. (4-2) over all solid 


angles 


dP 


I 


du) JI70TTC-' 


r U)i ^ (4. 


5) 


where q^e« is a scalar corresponding to Eq. (5.10) formed by replacing the 
dyadic product by a scalar product. Its screened form is (cf. Eq. 5-13) 

Fourier transforming Eqs. (3-13) and (4.6) in time, we substitute in Eq. (4.5) 
and obtain 

dP . 


cjw JoTT^m^ 


^ ' c/e' J -> 1^1.^ 
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• Zee* ^ '^ee‘ 


ik.l) 


To calculate the average power per unit volume emitted over the time 
inter>/al T, we sum the uncorrelated collisions in the following manner. The 

number of electrons e* with velocities in the interval d®v^ about vJ which 

m 

■will collide with a given electron e having velocity Vg at an impact distance 
between bgg< and bg^/ + dbgg' in time T is just the number of electrons in 
the angular element djp of a cylindrical shell of radius [ begi ] and length 

mt 

I ^ee* I T, 

•Mi 

dfV - /TJ 1 V4e'j T d(f l^e'l ^hse>£c^€.')d\ei . (i^-8) 

In Eq. ( 4 . 8 ) cp is the angle made by bgg* with some arbitrary axis in the plane 
transverse to v^gi (^ee* ^ee' ^.re orthogonal vectors ) . 

For the total average power per unit volume, we multiply a single term 
in the sum in Eq. ( 4 . 7 ) "by the weighting factor ( 4 . 8 ) and the number density 
n of electrons e, integrate over all impacts allowable in a small angle theory, 
and average over the velocity distributions for particles e and e* . Without 
loss of generality the initial displacement Tqq - may be considered as 

A* m> 

the impact vector for each collision. The transverse spectrum reduces upon 
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performing these operations to 


nT 


STTfmc^ (jO^ ^ J ^ j K' 


l5JT(rnc^ (X) 

,p— X 

^ 3K' V, 




'e,i 


WXM 






Before discussing Eq. (4-9) ve shall vrite down the parallel expression 
for the emission of quadrupole longitudinal hremsstrahlung. The longitudinal 
spectrum is obtained by exactly the same process just discussed for transverse 
vaves: Eqo (5«9) "becomes the source current for the longitudinal part of Eq. 

(2ol0)^ the vave contribution is excerpted by local integration over values 
near that given by Eq. (2«ll), the angular distribution of radiation is inte- 
grated over, and finally collisions are summed- The emergent result, 

dP^_ 


d<x i6jrnr\^(3'^Uiy 




■ if 




^00- 






is similar in structure to the transverse spectrum, differing hy a wavelength 
ratio (cu 3 [cf. Eqs. (2.11) and (2.12)] and numerical factors. These 

numerical factors arise for two reasons: first, there are two transverse 

polarizations as opposed to a single longitudinal polarization, and second, 
for any given collision the Doppler shift (due to the mean motion of the two 
electrons through the plasma) for the' finite wavelength radiation differs for 
longitudinal and transverse waves . 
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V. COMMEmS ON THE QUADRUFQLE EMISSION 


The first term in both spectra exhibits the customary logairithmic diver* 
gence for large values of |k^| (small impact distances) and must be cut off at 


a value /b . consistent vith the small angle scattering approximation, 
min 

Because of the slow logarithmic nature of the divergeince, it makes little 
difference whether b . is taken as the typical 9(f deflection impact distance 
(j^min ^ mu^ DeBroglie wavelength ^ ^ average event . 

From the nondivergent term, little contribution is obtained for large values 
of lk‘l , so that the integral may here be extended to <» with but negligible 


error. 


The k* integrands of Eqs. (4-9) and (4.10) exhibit resonances which 
correspond to the Interaction of electrons through self- gene rated plasma 
oscillations. These resonances occur in the small|k*| region, |k'|Xj<<l, where 
Landau damping of the oscillations (i.e. M)j^) is small. In the region where 
resonant effects are important, the principal contribution to the integrals 
is from the non-divergent terms. The resonance will be most strongly manifest 
when both I D_ (k*,k^*Ve) and I D- (k*,k* •v^l )l^ are nearly vanishing or from our 

Li tm ‘ ij ^ ^ 

discussion in Section II when h' ‘Vgi Using the 6-functions, 

we then conclude that the resonance appears in the emitted spectra at the har- 
monic 2uDp, because the possibility of emission at the difference frequency 

/ 2 2x^/2 

tu « 0 is excluded by the shielding factor (u) - Wp ) . Since longitudinal 

waves of frequency uu 2c0p are strongly Landau damped (cf. the discussion in 
Section II), we expect this non-linear resonance to appear only in the trans- 
verse bremsstrahlung spectrum. 
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I 


iidman and D'^pree'^ have studied the enhancement of the transverse hremsstrahlung 
spectrum near uu = 2ujp and have found that certain electron distributions com- 
posed of a tenuous energetic component coexisting with a thermal background 
can exhibit a significant resonance. The observed resonance around lu = 2ujp 
in the spectra cf Type II solar radio bursts has thus been explained as arising 
from enhanced electron-electron hremsstrahlung^^. The accompanying resonance 
in Type II spectra at o)p is explained as similarly enhanced electron- ion 
hremsstrahlung and occurs dominantly in dipole order. These Tidman-Dupree 
results are included in the transverse dipole spectrum of Ref. 1 and can be 
extiracted by local integration near u) = tUp of Eq. (4J5) of that paper. 

For thermal equilibrium 




(5-1) 


and the transverse and loAgitudinal spectra ‘become 


dP'^_ 
du) ' 


3:1 (n e 


/5TT 




3k 


1^ 








(5-2) 


and 


.-I * ^ 

duj isir 


I dK‘ I 


La)- 




dV eyp 


j 




/ 2k'° 2i \ 


(5.5) 
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vhere, folloving the notation of Eq. (2.9b 




The integration variables in Eqs. (5-2) and (5-5) have been non-dimensionalized, 
so that the logarithmically divergent term must now be cut off at a value 

k> . 

max o;b 


min 

For steady state thermal equilibrium conditions, the emissions of both 
transverse and longitudinal electron-electron bremsstrahlung are related to 
their absorption via collision processes through Kirchhoff 's Law. Electron- 
electron collisional damping may be thought of an a viscous effect, since it 
is only present when the finite wavelength of the spectral components is taken 
into consideration so that a macroscopic sheating of the electlrohs . m 

(regarded as a fluid) is effected. Alternatively, it may be looked upon as a 
finite wave resistance due to electron-electron collision processes. 

IP 

This latter approach has been taken by DuBois and Gilinsky , who have 

C6d.culated the dissipative conductivity component which results from thermal 

« 

equilibrium electron-electron collisions. The conductivity components for 
transverse and longitudinal waves which we calculate from Eqs. (5 *2) and (5*5) 
(The calculation is the same as that carried out in Ref. 1 for steady state 
electron- ion dipole processes.) are in exact agreement with those of DuBois 
and Gilinsky (including the logarithmic term). 

Figure 1 is a graph of the integral 

0 — 


common to Eqs. (5«2) and (5*5) and normalized to its D^ -♦ 1 value of 2 (II) 


V. 
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Because the logarithmically divergent terms in Eg.s . ( 5 . 2 ) and (5-3) are weighted 
toward large k , where the D^'s are close to unity, this integral displays the 
primary effect of shielding for thermal equilibrium electron- electron events. 

As might be expected, shielding becomes decreasingly important as o) 
progresses higher above ujp. This decrease results from the fact that collisions 
at impact distances comparable with a Debye length (where screening is most 
effective) take place too slowly. to contribute to the radiation at high 
frequencies. High frequency spectral components are emitted in closer impact 
collisions which are essentially two body in nature. A small but perceptible 
inflection is noted in Fig. 1 near to = 2o)p. This is the aforementioned collec- 
tive resonance, which for thermal equilibrium conditions adds but a minute 
contribution to the oirerall emission because of the low level of longitudinal, 
Cerenkov type oscillations in such plasmas^. A curve similar to Fig. tl) has 
been obtained by DuBois and Gilinsky^^ (cf. Fig. 3 of their paper). 

For frequencies lo ^ 3<Op, Eq. ( 4 . 9 ) can be approximately evaluated by 
ignoring shielding effects, i.e. by replacing (to^ - tOp^) by lo and letting 


D. 


du) 


i5(w^C^ 


J V 




(5.5) 


In Eq. (5»5) "the F's are one dimensional electron distributions, and use has 
been made of the fact that for isotropic distributions 

|dX . (5-6) 

Further evaluation of (5*5) depends on the explicit form of F. For purposes 
of a rough estimate, however, we assume that distributions of interest can be 
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approximated by 


FT7.)= jXi 


= 0 otherwise • 


(5-8) 


Equation ( 5 . 5 ) then becomes 



/4 /we 



(5-7) 


For frequencies at which the theory is valid, u) < ‘liUgo® f the first term 
in Eq. (5-7) dominates. (Toward the high frequency end, the may add a 

factor of ~ 2 to our estimate.) Comparing this logarithmically dominant por- 
tion of ( 5 . 7 ) with the high frequency form o.f the transverse dipole spectrum 
as derived from Eq. (4.15) of Ref. 1, we find that the ratio, quadrupole to 
dipole , 

p® ""fZ 

(Z is the ionic charge), is small even for rather energetic electron distribu- 
tions. We conclude, therefore, that except for those electron distributions 
which lead to a considerable enhancement of the bremsstrahlung in the neighbor- 
hood of uj = 2u)p via strong collective effects, radiation loss due to electron- 
electron collisions is negligibly small in the frequency interval considered. 
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VI, GOHCLUPm REMARKS 

Before summarizing, we would discuss briefly two points; bremsstrahlung 

corrections from electron-ion collisions and the role of relativistic kinematics 
ir. me higher order bremsstrahlung emission. 

Electron- Ion k^ Corrections 

A treatment very similar to that presented in the preceding sections has 
been carried out to assess the effects of electron- ion collisions on higher 
order longitudinal and transverse bremsstrahlung spectra. In this problem it 
is import'ant to carry the electron- ion source current to octupole order, for 
in Eq. (2.10) there exists a finite coupling between the dipole and, octupole 
current densities. This dipole- octupole coupling leads to an emission compar- 
aih.le with that obtained from the squared form of the quadrupole jg, ^or 
isotropic , the dipole- quadrupole interaction vanishes because of the 
ar.gular symmetry in the integrand of Eq. (2.10^. The calculation has been 
carried out assuming uncorrelated ions and for an electron- ion Coulomb inter- 
action force. The superposition principle has also been used to properly 
account for orbit fluctuations important in distant encounters. 

As in the dipole case, a resonance near uu = u)p is found. This resonance 
arises from a non-linear coupling between the electron plasma oscillation (uj«u)p) 
and the ion wave (o) O) associated with each of the interacting particles. 

In thermal equilibrium, the k^ electron-ion bremsstrahlung corrections 
can be compared (via Kirchhoff 's Law) with the finite wavelength conductivity 
corrections calculated by Berkos for electron-ion collisions. To logarithmically 
dominant order our, emission results lead in this case to expressions for the 
dissipative conductivity components which agree with Berk's calculations for 
both transverse and longitudinal waves. 
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For high frequencies the correlation is small compared vith the dipole 


emission in the approximate ratio 

^ 5 


( 6 . 1 ) 


Relativistic Particle I3ynamics 

We have seen in Eqs. (5 *8) and (6-1) that the transverse spectrum arising 
from electron-electron collisions and the finite wavelength correction to the 
electron- ion emission are hoth relativistic ally small in comparison with the 
electron- ion dipole emission. The question now arises as to whether inclusion 
of relativistic effects in the particle equations of motion (i.e. replacing 
Eqs. ( 5 . 7 ) and (5-8) and the corresponding electron- ion .forms hy their relativ- 
istic generalizations, including the full electromagnetic interaction between 
particles) generates corrections in dipole order of the same magnitude as 
those we have calculated. 

We argue that relativistic dipole corrections to the electron-electron 
transverse spectrum will he of 0 hence generally smaller than those 

which we have considered. This fo3JLows from the fact that the dipole power 
emission is proportional to 1 p(ou)|^ (see Ref. l), where p is the local dipole 


moment for each interaction. To lowest non- vanishing order p 
the dipole power is of 0 




and hence 


For electron-ion encounters, however, we do expect corrections to the dipole 
spectrum of 0 This follows from the fact that p(o)) now has an 0(l) 

contribution, so that ] p(o)) can have an ^ te-rm:"forl.thlsL-type ’ interaction. 

Relativistic consideration of the problem will lead’'to dipdle elebtroii-ica 
edrrections ccanparable with those given by Eq.- ( 6 .I) . This problem is worthy 
of purs-uit and can perhaps be solved by a dodifiaTatidn of the method used in 
this paper.. ■ 
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SUMMARY 


Extending the model developed in Ref. 1 to include sources due to the 
lowest order form of the accelerative current density arising from electron- 
electron interactions, we have succeeded in obtaining expressions for the 
longitudinal and transverse quadrupole bremsstrahlung spectra. Shielding of 
the electrons and the accelerations t»f the shielding clouds are included, so 
that the low frequency forms of the spectra are properly modified. Similar 
methods can be applied to obtain finite wavelength corrections to the electron- 
ion emission. 

The principal features of the sjectra thus obtained are: 

1. ) The transverse electron- electron spectrum exhibits a resonance near 

CD = 2o)p. The resonant emission is small in thermal equilibrium but can 
be considerably enhanced for non-equilibriiim situations, as pointed out 
by Tidman and Dupree"^. 

2. ) The thermal equilibrium forms of the spectra lead upon application of 

Kirchhoff 's Law to conductivity values identical with those derived by 
DuBois and Gilinsky^^. 

3. ) The hi^ frequency form of the transverse spectrum is approximately evaluated 

and found to be relativistically small compared with the dominant electron- 
ion dipole emission. 

4. ) Finite wavelength corrections to the bremsstrahlung spectra for Coulomb 

electron-ion interactions are quoted. These spectra exhibit a resonance 
near cd CDp. For thermal equilibrium plasmas, the power emissions are 
identically related to Berk's^^ conductivity corrections. At high fre- 
quencifes, where explicit evaluation is possible, the transverse emission 
is again relativistically small compared with the dominant dipole power. 
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Appendix 


In this appendix I is calculated according to the prescription of 

Eq. From the form of , Eq. (3.10), we note that only the terras 

m 

re^» Veeilree'l expl-ik-re] and rge* ^ee* (rge* -Vee' )l%e'l exp{-lk.rg} need 
he worked out, since Vge* fee'l^ee*! sxp{“ik*re] may then he obtained hy 
transposing the first dyadic. 

Using Eq. (3.12) for f, we write 






{' 


^ li-5'P 

^ jAjd^x'IcpM/ jd^w '^d^k'^d\‘ 


t ^/sH £"• i 

Now in Eq. (A.l) exp (-ik-x) may everywhere he replaced hy exp (-ik.rg), since 
the interaction range x-re is cut off hy shielding at distances of the order 

m 

of a few Dehye lengths and the corrections [:^.(re-x)]^ (nj ) ^ are thus amall in 
Of. (Recall that k represents the wavenumber of the emitted radiation. ) 

The velocity integrals in (A.l) can he carried out hy noting that for 
isotropic f. 


A-1 - 





,3 / 

d w W *** 

Lo-k!- w+it 


*r'(0 

UJo^ 


[pJk',u))-i], 


(A.2) 


where from Eq. (2.9h) 


JdV ^ =-^ . 

UJ-k'.Wfw aJJ^^ J 


(A. 5 : 


[•nus 




/i's'z- _v 


^/•2 


- V41) expriK'-(x-fiJ](l ^ 




5-^ /-.-£'fe'v4- 

15 -xr 




U ; kL - - Ji. pjk',!<'.ve')) 

d’k'fd^k'fd'^x fd^x ' 

-* li-xT V k'^ k“^ / 

e>f{x(;k'.(x-re)pk".{x'-r..)J} 

X'“ (A-W 

The space integrations are in the form of the Fourier transformed Coulomb 
electric field 

[dV. Afl, e/phk'x]-= ^LiK' <yp(,K'yol 

'' , h-al k'» rV- -J- (A.5) 

When use of (A. 5 ) is made^ Eq. {A.k) is easily reducible to a single integration 
over interaction wavenumbers Further, significant cancellation is induced 

- _ L_ ,"3 

by expressing rggl Vee'free»| in integral form. 
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f{'i''S*'} 


(a. 6) 


In simplest form, we then finally write 


ap(.k'.Sei ) 


ri'v^v 

_ 




1 K'%(.K‘,!<'-ii)Wr£'3l 


where the ^ subscript designates a vector component perpendicular to k* . 

0m 

The format for determining r | r^gi r ^♦Vee^|reel| exp{-ik*re] is quite 

mm mm mm^ mm m m» m 

similar. We write down an equation corresponding to (A.l), carry out the 

velocity integrals using (A. 2) and (A. 5), and note that exp(-ik*x) can be set 

•« ^ 

equeil to exp(-ik-7e) and extracted from the integration process. Corresponding 
to (a. 4), we then obtain 


[ 

(T-i 


x&-^) 

1 

'ii-x 1' 



f 


-j-y /£V.7e 

wj I j j 




(A.8) 


The space integrals are now in a form slightly different from (A. 5 ). It 
can be shown, however, that for arbitrary a and b 



+ (A.9) 

Equabion A. 9 is perhaps best evidenced by changing variables to y = x - a, 
expressing ^yj as - integrating by parts, and finally using 

Eq. (A. 5 ) and its gradient. 

For the purpose of combining terms, it is again convenient to express 
(in analogy with the inversion of Eq. (A. 9 )) 



The result obtained after integrating and algebraically simplifying Eq. (A. 8 ) 
is 



crr^ 



r JS'hei-l-yeVt' _ k'v^x-hM' _ i h'- 

A(*c',k'.7e0 ' 

From (A. 11), (A.7)jand the transpose of the latter dyadic form, it is 

• • • . 

now possible to write down Qee* (cf. Eq. 5>10), properly shielded in accordance 


with the superposition principle. 



_ lc'Vu-t%xk‘ (I k- 
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Figures 


1. Numerical evaluation of J as a function of (u in the low frequency- 

region. 




if/s 





